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humans being have infected, three millions were died and
the remaining are recovered [1]. The ratio of infection, death
and recovery are different in various territories of the globe.
The three quantities depends on the health conditions, envi-
ronmental factors, social contact, etc. Now the objective of
each government and state is how to control and minimize
the transmission of this effective disease. Scientist and
researchers have pointed out that social contact or gathering
is the main reason of this infection. Interaction of infectious
one with the healthy peoples case the much more spreading
of the said pandemic. From the very start of this infection
up to date various strategies like lock downs on over-
crowded areas, business affairs, courts hearing cases, huge
buses and plane travelings, etc, have been applied. Mostly
the learning institutions were effected very highly in the said
lock down. Recently the law and forcemeat agencies were
called to follow the SOP’s on peoples by force. In short
for the cycle of daily life routines some gatherings and
works were allowed by the governments [2].

For all the times humans beings are trying to find better
facilities for comfortable life. One of the biggest threat to
human lives is the pandemic which may take their lives as
well as comport. It produces tension, depression and various
other diseases in the societies of human population. To find
the cure for all these uncomfortable situation, different sci-
entist and scholars along with the support of government
are trying to finish it from their societies. For curing the
various pandemic, they produces vaccines, medicines and
also find some precautionary measures. Along all these pre-
cautions, need of fitting statistical data of the epidemic in
the mathematical formula will guide about the future policy
of the said disease by providing the results of infectious peo-
ples at any time. Therefore, the importance of mathematical
formulation can be seen in the investigation of different dis-
eases or other interaction of humans or animals. This idea
was fist given in 1927 by converting the real life problem
into a mathematical problems. Therefore various epidemio-
logical problems have been converted to the mathematical
formula for further analysis [3-6].

The different problems in mathematical form for recent
pandemic due to Corona virus have been investigated by dif-
ferent techniques which can be seen in [7-11]. The mathemat-
ical formulation predicted the future results of the said disease
which can be then seen in the controlling process. The present
and future data of this disease play important role in the con-
struction of mathematical problem. The analysis of various
mathematical modeling and their importance can be seen in
[12]. Making different assumption, observation and output
of the real problem will lead to the mathematical model. For
this various factor can be included in form of parameters in
the formula which greatly effects the diseases. The results of
the formula are them compare with the real problem and will
be accepted for future analysis if the are comparable with each
other. The mathematical models that we used in this paper is
inspired from the classic Lotka-Volterra model[13,14] for ana-
lyzing predator—prey dynamics. The classic model has been
suitably modified to build the susceptible-infected individual
population dynamics model. As COVID-19 can spread easily
in social gathering, therefore some scholars have analyzed
the dynamics of such type of disease for transmission due to
immigration as given below

H = H()a— H()bI (1) + I (e,
I =H(ObI (1) + (—d— e+ c).I(1), (1)
H0) = Ao, F(0) =S,

where the susceptible individual population is given by () at
time ¢, infected individual population is given by .#(¢) at time ¢.
The infection rate is given by b = (1-protection rate). The
immigration rate of susceptible individuals is given by a. The
immigration rate of infected individuals is given by c¢. The
death rate is given by d and the recovered rate is given by e.
Further we include 6 being natural death rate and third equa-
tion of recovered individuals to make another model. This
model is just an indication to see what happen in a community,
if immigration of individuals does not control in it.

Applying the aforementioned points, we are going to study
the model given in (2) by including recovered individuals equa-
tion for fractional-order derivative with 0 < ¢ < 1 as given by

DA (1) = H()a— A (DI (1) + (=) H (1),
D°I(1) = H()bI(t) + (—d—e+c—9)F(1),
D°R(t) = (e)I (1) — SR(1),

H0)=H,>0, F0)=.5 R(0)=R

(2)

where A, and £y, AR, are starting values for susceptible,
infected and recovered classes as population densities in per-
cents. We are investigating the Eq. (2) in arbitrary order
derivative of Caputo sense because it gives much well result
than integer order. providing such type of results makes frac-
tional calculus superior than integer order calculus. Therefore,
the physical and biological problems may be investigated with
the general fractional derivative operators on every very small
order having more degree of choice. The researchers interested
to work on fractional derivatives as compared to the classical
differentiation. So for the analysis are composed of theory of
existence and uniqueness, stability, feasibility and approximate
solution of fractional order equations [13,15-20].

Fractional order calculus have provided the information of
the whole spectrum lying between any two different integer val-
ues [21-24]. The representation of various real problems have
been modeled by fractional order differential or integral equa-
tion like, mathematical fractional order model for microorgan-
ism population, logistic non-linear model for human
population, tuberculosis model, dingy problem, hepatitis B, C
models and the basic Lotka-Volterra models being the basics
of all infectious problems [25-34]. The afore said problems have
been analyzed for qualitative analysis with help of some well
known theorems of fixed point theory [35-39]. The feasibility
and stability analysis have also been done through various the-
orems. Further the FODEs have been checked for analytical,
semi-analytical and approximate solution using different tech-
niques. Some of the well known techniques were of Euler, Tay-
lor, Adams—Bashforth, predictor—corrector, various
transforms, etc [13,26,40-44]. Here we are going to analyze
our proposed fraction order model in sense of Caputo derivative
for existence, uniqueness of solution and approximate solution
by theory of fixed point and Laplace transform along with some
decomposition techniques. We also find the numerical solution
of the proposed problem by Non-Standard Finite Difference
Scheme (NSFD). We will also investigate the effect of immigra-
tion on the pandemic transmission in the society using different
fractional or arbitrary orders for the considered model.
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2. Basics of modern calculus

Now, we present famous definitions as in [13,15,26].
Definition 2.1. Let we have an operator H#(r) to give the

definition of non-integer order of integration w.r.t ¢ in Caputo
sense as

1 ! =
0 ITH (1) = —/ (t—n)""dy, >0,
o I'(o) Jo
having satisfy the condition of convergency.

Definition 2.2. Let we have a mapping #(¢), to provide the
definition fractional order differentiation w.r.t ¢ as

. ! n—o—1 aﬂ
WA =y [ = A Ol o>

with right side quantity is piece wise continuous on R* and
n=[o]+ 1. If 0 < ¢ < 1, then we can write

1 ! o d
:m/() (t—mn) [d—neyf(n)]dn-

Lemma 2.2.1. [13] The solution of

A (1)

“$DIAH(t) =h(t), 0<o<1

R WL

Lemma 2.2.2. [13]The Laplace transform of ‘ 2{H(t) for
0 < o <1 is provided by
LD H(1)] =LA (1)) — 57 A(0)).

Lemma 2.2.3. The feasible and bounded solution of the proposed
system (2) is

s={r.s.m R : 0< N <

0

Proof. For derivation we have to add all the three equations of
(2), as

D= (A1) — (A1) + (1) +
—(e+d)I(1) + (€)F(1)

< (@) A (1) + (=0)N(1) + c# (1) 3)

=a+c—(6)N(1).

Henceonehas %Y + (6)N(1)

R(1))5 + I (1)c

<a+ec.

Upon integration of (3) we obtain

a+c
0

N(1) < + Cexp(—(0)1), (4)

Here C is constant due to integration. In (4), as ¢ tends to oo,
then

a—+c
5

The last result proved the boundedness and feasibility of solu-
tion. O

N(t) €

3. Main work

In this section of the paper we will check our consider model
(2) of fractional order for qualitative properties. These kinds
of properties can be easily checked by fixed point theory. We
will also uses some basic theorems like Banach contraction
and Schauder theorems to receive our required result. Take
U= (t)+ I(1) + R(1).

CTDIU(t) =F (1,U(1)), o € (0,1], (5)
U(0) =, .

Applying fractional integration of order ¢ € (0, 1] to (5), we
obtain

1 ! o
U0 =0+ s [ -0 F o w ), (©)
(o) Jo

Consider oo > T > >0 with complete norm space as
&) = €0, T] under the norm
1] = max|(1)].
For qualitative properties, we take the condition of growth on
non-linear operator as:

(Al) 3Ly >0V U, U € & we have
|°%(t7 J”) - 97(1‘, JZl)| <

(A2) I Cxz >0& Mz >0,
|7 (1, (1) < Cx|U| + M.

Theorem 3.1. Let F be continuous and satisfying (A2), model
(5) has = 1 solution.

Proof. Applying “Schauder fixed point theorem”, let us define
a closed subset £ of & as

B={weé: || <

where

R, R > 0},

[o+1)+T"Mz
R > max [|%| (6+1)+ /]

I'o+1)—TCx
Let we provide a mapping T : B — B and using (6) as

T(U) = (1) +% / () ), )
At any % € B, we get
Ty < |+

X
< |1l0|+
< |0Zl0| +

S Jo (6 =) 7 (n, 2 (n)) |,
s fo (t=n)" [Cor || + Mz)ds,
[Csr H@ll\ + My,

rr+1

which implies that
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T < || + 7755 [Cr I, (8) oDYU(1) = N (U(1) + L((1), 0<0o<]1, (12)
< R ”ll(O) = Jll(), au, € R+,
From (8), it implies that % € B. Thus T(B) C B. This also where
proves‘the'lt.T is closed. Next for completely continuous we H(1) Ho(1)
go ahead as: ] ]
Take 11 < t, € [0, T], assume Ut) = A1) U(1) = § Fo(1) (13)
A(1), Ro(1),

T(2)(12) = T()(1,)| =

i Jo (=) (s, ()l
- l‘((i) f ti=n) G 15’(7]’ (n))dnl,

< w5 L= ==

F (s, (1)) |dn
+ w5 S r—n“ 7 (s, u(n))ldn, ©)
< il [ =) = =) e
+ [ (-0 'dﬂ(C/R+M/)
< g — 26 —n)]

Now from (9), we get t; — t,, then the right side will approach
to 0. So we say that

[T(%)(12) — T(%)(t1)] — 0, as t; — 1.
Consequently we claim that
IT(2)(22) = T()(1)|| — 0, as 1 — 1.

Hence T is equi- continues operator. Applying Arzela-Ascoli
theorem, mapping T is completely continuous and which is
also uniform continuous and bounded. Now by Schauder’s
fixed point theorem model (2) has > 1 solution.

Further for uniqueness we proceeds as:

Theorem 3. 2 With (A1), the considered model has one solution
lfl > 0+1

Proof. We have already define an operator as T : B — B, con-
sider % and % € B as

IT ()~ TC)| = max|cis fo (e~ 0™ (n, 2 )i
s o= “a‘(n, U (n))d), (10)
\l'(ri+1)
From (10), we have
IT(2) — T ()| <%LFIW—@II- (11)

Hence F is contraction. So finally by the results of theorem of
Banach contraction the considered problem has one solu-
tion. O

4. General series solution of the considered System (2)

To produce semi-analytical solution to the considered model,
consider a general problem as

A"(%) is nonlinear term and L(%) represent linear term. Tak-
ing Laplace transform of (12) and using initial condition, we
have

1 1
L) =S U+ 2 LN (UW)) + L(U(1))]- (14)

Let us consider the required solution as () = > - U,(1)
and the nonlinear term A (%) may be expressed as
N(U) =7 P, where 2, is defined by

1
«g},, = r(ni HI |: (Zﬁkdl/‘>

Therefore (14) becomes

& {i%n(t)} = %%0 + %JQ {i,ﬂ/’”(t) + L(f:%n(t)ﬂ .

n=0 n=0

=0

On comparing, we have

3[@[0([)} = 1%07
L)) = £ L[Po+ L(W0)),
LU = L2+ L)),
L0 = L2, + L)
Evaluating inverse Laplace transform, we have
%0(1) = %0,
U \(1)= L7 [ELPo+ L)),
Us(1) = L [L[P+ L)),
U i\ (1) : L' LLP, + LU, n = 0.

Hence the required series solution of the considered model (12)
will be received as

AUt) = WUo(t)+ U\ (1) +WU(T) . .. (15)

Remark 1. The convergence of the series given in (13) has been
proved in [30].

5. Approximate solution and discussion for (1)

To compute the approximate results, we take some values for
parameters of (1) under fractional order. Let us in community
the susceptible population be ), infected be .#, recovered be
R, and taking various values for rates we discuss certain cases
as bellow:
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DA (1) = aA (1) = bA(1)I (1) + (=0)A (1),

D I(1) = bAH(1).I () (c—d—e—208)7(1), (16)
DR(1) = (e)I (1) — 6AR(1),

H(0)=Ho >0, F(0)=50, 2(0) =R

using the proposed algorithm to (16) as constructed in (15),
analogously one has

gyf()(l) = #07 J()(l) = Jo, @0( ) = r@o,

H\(1) = [aH o — bH I o+ (—0)H ] l"(ﬂ+])7

f](l‘) = [be#()efo—F(C—d—é’—a)fO] a+1)’

R\(1) = [(e)-Io0 — 0Ro] =i 1-(,;+1)7 (17)

HH(1) = [(hll)(hzz)] e + A oin]

Fa(t) = [(lzz)(133)}Tﬂ>+[bJO(hB)]m:
(1) = [(€)iss] iy — 10711 ] ey

and so on. The rest of terms can be calculated in the same way.
The unknown values in (17) are given as

hy= a+bdy—9,

hyp = (a—bFy+c—08)Hy,

in by I+ (c—d—e—0)F,

in= bHy+c—d—e—29,

iy = bHoIo+ (c —d—e—9)I,
bIyHy(a—bIy+c—9),
(e)Fo — 0Ry.

]133 =

rn =

6. Graphical results and discussion

To present the concerned approximate solutions (16) of the
model under consideration, we recall some numerical values
for the parameters in the given Table 1. Case-I In this case
we take the values of Table 1 and simulate the three compart-
ments for # = 300 days in Figs. 1-3.

On small immigration rate, the behavior of approximate
solutions of various compartment has presented in Figs. 1-3.
We see that at various arbitrary order the declines in suscepti-

Table 1 The physical interpretation of the parameter.

Parameters The physical interpretation Numerical values

Hy Susceptible compartment 8.567761 millions
[45]
B Infected compartment 0.567261 millions
[45]
R Recovered compartment 0.530597 millions
[45]
a Immigration rate of susceptible 0.0018
class
b The infection rate 0.003
€ Immigration rate of infected 0.005
class
d Death rate due to infection 0.019
] Natural death rate 0.0019
Cure rate from infection 0.00005

ble and infected class is different. The decay is more at small
non-integer order while the recovery growth is also high at
small fractional order. The concerned values are just assump-
tion to see the behaviors of non-integer order approximate
solution of the proposed arbitrary order model. We can say
that the results of fractional order derivatives are comparable
with that of integer order and fractional calculus can also well
describe the situation of dynamical systems.

Case-II: In this case we changing the values of § = 0.019
and e = 0.00023 and the remaining values are the same as
given in Table 1 in Figs. 4-6.

Case-III: In the third case we again changes the values of
0 =10.00019 and e = 0.000023 while the remaining values are
fixed of Table 1

7. Numerical simulation by Non-Standard Finite Difference
Scheme (NSFD)

In this section we will analyze the considered model for
approximate solution using the Griinwald-Letnikov tech-
niques of approximation for the 1-D arbitrary order as given

7 (r(0) = ima Y1) () vie- ), (18)
- =0 i
where ¢t = nA and A is interval. Now, we take the problem as
{@”(Y(z)) =g(t, Y(1)), t€0,T], T < 0, (19)
Y(lo) =Y.

Now by (18), the left side of (19) is discretized and one may
write as

Y KY(t,)=g(t Y1), p=1,23..., (20)
2.

where t, = pA and K7 are the Griinwald-Letnikov coefficients
defined as

=(
and
=A".

l14+0o

VK7, i=1,23... (21)

Next we get the non-standard finite difference scheme (NSFD)
by Griinwald-Letnikov method for the arbitrary order model
(2) as follows

(tp1) { Z (tpr1-g) + H (D)a — A ()b.I (1) + (= 5)”(’)}-,

I (tps1) = %

0

Pilﬂf(mw) +HObI(W) + (—d—ete— 5)](T>:| ’

=1

P+l
L
174r K]

¢=1

(tpe1-g) + (€)F (1) 7593(;)]
(22)

We will now simulate the three compartments of the consid-
ered equations by (NSFD) using the same data of Table 1 as
in the cases of (LADM) (see Figs. 7-9).

Case-I: In the first case we obtain the simulation by
(NFSD) using the data of Table 1 in Figs. 10-12 at different
fractional order. Such type of simulation will also provide a
comparable results as by (LADM).
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Susceptible class

2 1 1 1
0 50 100 150 200 250 300

time t (Days)

Fig. 1  Graphical representation of series solution for #(f) corresponding to various arbitrary order of o.

Infected class
o
o

o
o

0.2 I I I I
0 50 100 150 200 250 300

time t (Days)

Fig. 2 Graphical representation of series solution for .#(¢) corresponding to various arbitrary order of o.

Case-II: In the second case we obtain the simulation by of the data is of Table 1 in Figs. 13-15 at different fractional
(NFSD) by changing é = 0.019 and ¢ = 0.00023 while the rest order.

I
©
T

Recovered class
o
©
T

I
3
T

06

Il Il Il
0 50 100 150 200 250 300
time t (Days)

05 I I

Fig. 3  Graphical representation of series solution for Z(¢) corresponding to various arbitrary order of o.
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Susceptible class

0 50 100 150 200 250 300
time t (Days)

Fig. 4 Graphical representation of series solution for #(¢) corresponding to various arbitrary order of a.

Infected class
o o o o
w » o o

o
N

0.1

0 50 100 150 200 250 300
time t (Days)

Fig. 5 Graphical representation of series solution for .#(¢) corresponding to various arbitrary order of o.

Case-III: In this case we have drawn the simulation by rest of the data is of Table | in Figs. 16-18 at different frac-
(NFSD) by changing é = 0.00019 and ¢ = 0.000023 while the tional order.

0.9

0.8

o
3

Recovered class
o o o
S (5] o

o
w

o
N

0.1

0 50 100 150
time t (Days)

Fig. 6 Graphical representation of series solution for () corresponding to various arbitrary order of o.
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Susceptible class

50

100

150
time t (Days)

Fig. 7 Graphical representation of series solution for #°(¢) corresponding to various

24

22

Infected class
IS} ES o @

0.8

0.6

0.4

300

arbitrary order of a.

0.75

—-=-085| |

— — 0.95
1.0

100

150
time t (Days)

200

250

300

Fig. 8 Graphical representation of series solution for .#(¢) corresponding to various arbitrary order of o.

Recovered class
o o
© ©

o
3

0.6

0.5

150
time t (Days)

200

250

300

Fig. 9  Graphical representation of series solution for 2(¢) corresponding to various arbitrary order of o.



Numerical computations and theoretical investigations of a dynamical system

Susceptible class

0 50 100 150 200 250 300
time t (Days)

Fig. 10  Graphical representation of numerical solution for #(7) by (NFSD) corresponding at various arbitrary order of a.

Infected class
o o
o o

I
~

0.2

0 1 1 1 1
0 50 100 150 200 250 300

time t (Days)

Fig. 11  Graphical representation of numerical solution for .#(¢) by (NFSD) corresponding at various arbitrary order of o.
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0.9

08

o

3

a
T

Recovered class
o
3
T

o

o

@
T

06

0.55 -

05 I I I I
0 50 100 150 200 250 300

time t (Days)

Fig. 12 Graphical representation of numerical solution for £(¢) by (NFSD) corresponding at various arbitrary order of a.
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Fig. 13  Graphical representation of numerical solution for %(¢) by (NFSD) corresponding at various arbitrary order of o.
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Fig. 14  Graphical representation of numerical solution for .#(¢) by (NFSD) corresponding at various arbitrary order of o.
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Fig. 19 Comparison between real data and simulated data in case of infection for fifty days.

Here we take some real data of infected cases in Pakistan
from First April 2021 to 20the May 2021 as in [46]
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8. Concluding remarks

We have investigated a fractional order mathematical model
of severe acute respiratory syndrome coronavirus-2
(COVID-19) by using the non-integer order derivative in
Caputo sense. The results for boundedness and feasibility
of solution have been provided. Some results regarding qual-
itative analysis of the model have also been proved by using
non-linear functional analysis. By using the famous integral
transform due to Laplace along with decomposition tech-
niques and Adomian polynomial, we have computed series
type solutions for the proposed problem. Taking some dif-
ferent numerical values for natural death rated and recovery
rate ¢ we have graphically presented three different cases of
the solution. Further the Non-Standard Finite Difference
Scheme is also applied to the given problem for investigation
of iterative approximate solution. The results obtained by
LADM are comparable with the results of NSFD at differ-
ent fractional orders. The simulation converges rapidly at
low order lying between 0 and 1 as compared to higher
order. We With very small immigration rate of infectious
peoples and high protection rate, the current infection may
be controlled up to certain extent. So we conclude that arbi-
trary order derivatives along with the effect some parameter
can well explain the mathematical models of real world phe-
nomena along with history information.
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